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Abstract

Objective: This paper addresses the Graeco-Latin square design (GLSD) under neutro-
sophic statistics. In this work, we propose a novel approach for analyzing Graeco-Latin
square designs using uncertain observations.

Method: This approach involves the determination of a neutrosophic ANOVA
and the determination of the neutrosophic hypotheses and decision rule.

Results: The performance of the proposed design is evaluated using the numerical
examples and simulation study.

Conclusion: Based on the results observed, it can be concluded that the GLSD
under neutrosophic statistics performs better than the GLSD under classical statistics
in the presence of uncertainty.

Keywords: Neutrosophic statistics, Uncertain observations, GLSD, Neutrosophic
hypotheses

Introduction

Latin square designs are among the most frequently used experimental designs. In this
design, each treatment occurs once, and only once, in each row and column; thus, the
number of treatments, rows, and columns is equal. The GLSD is another design related
to the Latin square. The Graeco-Latin square consists of two orthogonal Latin squares
(each letter combination appears exactly once). A GLSD allows us to investigate up to
four factors within a single design. The two factors are represented in rows and columns,
while the two others represent in Latin and Greek letters. A Graeco-Latin square was
first constructed by Euler, Leonhard in 1782. Yates and Mather [1] provided Graeco-
Latin tables of orders 3 to 12 (excluding the order of six). A comprehensive description
of GLSDs was also included in Dénes and Keedwell [2]. Dodge and Shah [3] addressed
the estimation of missing data in Latin squares and Graeco-Latin squares. Preece [4]
discussed non-orthogonal GLSDs. Street [5] used the theory of cyclotomy to construct
certain balanced incomplete block designs (BIBDs) and partially balanced incomplete
block designs (PBIBDs), which gave some GLSDs as well as some nested row and col-
umn designs. Seberry [6] highlighted orthogonal GLSDs. You can find related articles
and books about GLSD in [7-11].
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Neutrosophic logic is claimed by Smarandache [12] to be more efficient than fuzzy
logic. Smarandache [13] introduced the concept of neutrosophic statistics (NS), an
extension of classical statistics. Aslam [14] explained the differences between fuzzy sta-
tistics, NS, and classical statistics. Neutrosophic ANOVA has been highlighted by Aslam
[15]. In a more recent article, AlAita and Aslam [16] discussed the application of neutro-
sophic analysis of covariance to neutrosophic completely random designs, neutrosophic
randomized complete block designs, and neutrosophic split-plot designs. Aslam and
Albassam [17] suggested post-hoc multiple comparison tests under NS. Neutrosophic
correlation and simple linear regression have been discussed by Salama, Khaled [18].
Analysis of neutrosophic multiple regression has been suggested by Nagarajan, Broumi
[19]. Numerous neutrosophic statistical studies have been discussed in [20-27].

The GLSD is available under classical statistics in the literature. However, the test sta-
tistics of this design are not capable of providing information regarding the measure of
indeterminacy under uncertainty. The main objective of the study is to solve problems
associated with studies involving imprecise, vague, and uncertain data that require the
application of Graeco-Latin square designs. We can, therefore, analyze our proposed
designs using NS in order to provide additional information on the measure of indeter-
minacy that classical statistics are not able to provide. There are many real-world exam-
ples that enable us to use this design under NS, for example, a study on the differential
growth of some algae in acetic acid. For this study, the 5 x 5 GLSD is used. In which, five
different algae were being studied in five different types of vessels with five settings of
the pH level. Greek letters represent temperatures at five levels, columns represent pH
settings, rows represent vessels, and Latin letters represent algae types. In this exam-
ple, classical statistics cannot analyze and interpret neutrosophic data (where the data
has some degree of indeterminacy) for GLSD. Therefore, the test we propose for neutro-
sophic Graeco-Latin square design (NGLSD) in this paper are essential for these studies.

According to a literature review, no work has been conducted on GLSDs under NS. In
this paper, we propose for the first time a NGLSD. Moreover, an NANOVA Table will
be organized to determine the proposed Fy-test, neutrosophic hypotheses, and decision
rule. A Numerical examples and simulation study we will conduct to evaluate the perfor-
mance of the proposed design Fy-test. Our expectation is that the proposed Greek-Latin
square design will perform better than the existing design in the event of uncertainty.

Preliminaries

Many articles and books have been published recently that use NS, which is a gener-
alization of classical statistics. NS is also characterized by its flexibility and efficiency
in uncertain environments, as well as the ability to calculate measure of indeterminacy
resulting from the state of uncertainty. It is possible to categorize these uncertainties
into three categories: Degree of Truth (T), Degree of Falsehood (F) and Degree of Inde-
terminacy (I). Below is a brief overview of some basic concepts related to NS.

Suppose that a neutrosophic random variable (NRV) Xy € [X1,Xy] follows the
neutrosophic normal distribution (NND) with a neutrosophic population mean
UN € [, ny] and a neutrosophic population variance O'I%, € [ULZ, ULZI], where X; and
Xy are smaller and larger values of indeterminacy interval. Let Xy = Xp + Xy is the
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neutrosophic form of NRV having determinate part X; and indeterminate part Xy Iy;
In € [, I7], where Iy € [I, I;;]is indeterminate interval.

Suppose ny € [nr, ny]is a neutrosophic random sample selected from a population of
size N having indeterminate observations. The neutrosophic population means px and
variance a]%,, are expressed as follows;

NL Xri I'VUX i
LN € [ZTVEL EX}UU} s N € [, tul and

N, 2 Nu 2
2 Yict Kri—pn)® 20 Kui—pw)” | 2 2 2
oxN € [ : N, , =t N ;oy € lof, o]

But, in the numerical examples, /1y and 0% are unknown and can be estimated using

the sample observations. The neutrosophic sample mean Xy and the variance s3,, are
expressed by;

- \2 ny - \2
¥ Sk Xu Y Xui | V. ¥ 2 Sk (Xu—X1)” S (Xui—Xu)” |
Xy € [ =100 Lo X | X e (X, Xy and e | Zm 0 2un G Xu) |,

2 2 2
sy € [s7,877]

Analysis of neutrosophic Graeco-Latin square design

Model and NANOVA for a neutrosophic Graeco-Latin square design

The neutrosophic statistical model for a NGLSD with ay rows and by columns can be
expressed as:

i=12...,pxn
i =12,...,
INijkl = N + oNi + TNj + YNk + O+ enijias i =12,... 1;1\1\1[ ) (2)
[1=12,...,pn
The neutrosophic form of y;x; can be expressed as
INijki = YNijiki + YniiiING IN € [, [y, (3)

where ypp,; represents the neutrosophic observation in the ith row and kth column for
Latin letter j and Greek letter k, ux represents a neutrosophic overall mean, wy; rep-
resents the neutrosophic effect of the ith row, zy; represents the neutrosophic effect of
the jth treatment of the Latin letter, yyi represents the neutrosophic effect of the kth
treatment of the Greek letter, §y; represents the neutrosophic effect of the /th column,
and ¢ex represents the neutrosophic random error assumed to have mean of zero and
variance o]%[ € [aLz, GLZI]. Let the total neutrosophic number of all plots in the rows and
columns is nnT; then nyT = plz\,. Table 1 presents NANOVA of NGLSD.
NSSs can be computed using the following formulas:

2
PN PN NP PN 2 y
SSntT = 2t 20 2ok, zglyNijkl— ;[z'"‘;SSNTE[SSLT,SSUT],
N

2
SSNR = py it Wi — 3 SSNR € [SS1R SSul,
_ 1 PN 2 3’12\1
SSNL = 55 2m1 N o SSNr € [SSLL, SSuLl,
2
SSnG = ﬁ S e Yk — %‘]“; SSnk € [SS16, SSucl,

2
SSne = % SN YR~ %; SSnr € [8Sie, SSuc),
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Table 1 NANOVA Table for NGLSD

Source NSS ndf NMS Fn

Rows SSNr pN — 1 MSynr = DSNS% Fng = %gxf;
Latin letter treatments SSnL pn — 1 MSy, = % Fr = %ﬁxﬁ
Greek letter treatments SSNG oy — 1 MSng = ;NS%% Fng = A/\ﬁ%?
Columns SSne on —1 MSne = pSNS/ic1 Frne = %E%E
Error SSNE (v =3)n = 1) MSye = 7@“%’?;“1)

Total SSNT pﬁ —1

SSNE = SSNT — SSNR — SSNL — SSNG — SSnc; SSNE € [SS1E, SSuE],

where yp;... stands for the total number of the neutrosophic observations in the /4th neu-
trosophic row, yn ;. stands for the total number of the neutrosophic observations in the
jth neutrosophic treatment of the Latin letter, yy . stands for the total number of the
neutrosophic observations in the kth neutrosophic treatment of the Greek letter, yy. ;
stands for the total number of the neutrosophic observations in the /th neutrosophic
column, and yy .. stands for the total number of all the neutrosophic observations.

Neutrosophic mean squares are defined as:

MSNR = SN MSng € [MSpr, MSur), MSN1 = S35 MSny, € [MSrr, MSuz),

pN—T’ pN—L’
MSnG = Iffffl; MSnG € [MSLG, MSuGl, MSnc = Iffﬂcl;MSNc € [MSrc, MSuc),
MSNE = %; MSNE € [MSLg, MSUE].
The neutrosophic statistic Fy-tests become
Fng = MR Fyp € [Frp, F, Fnyp = MSNL Py e [Fpp, F, Fng = 3n6;
NR = 7snes ENR € [FLr.Furl,  Fnp = Fshes  Fae € [Frn, Full, Fne = 305

FnG € [FLe, Fugl Fnc = A}\ﬁxj Fnc € [Fre, Fucl

The neutrosophic form of F is:

Fx = Fi + Fulpy: Iry € [If, 15, ],

where F; and Fylf, are determinate and indeterminate parts of each the proposed
test. This test reduces to test under classical statistic if /r,, = 0.

Neutrosophic hypotheses and decision rule

Under neutrosophic statistics, a null hypothesis and an alternative hypothesis are pre-
sented as follows:

Hyo:ont=wn2=--=wnpy =0 vs Hyi:at least one wn; # 0,
Hyo:tni=tne=--=T\p =0 vs Hyi:at least one N # 0,
Hyo:yni=yn2=-=¥Np =0 vs Hpyi:atleast one yny # O,

Hno:6n1 =68n2=---=8n3=0 vs Hyj : at least one §y; # 0.
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The null hypothesis is accepted if min{pny — value} > o, where « is a level of signifi-
cance. While, the null hypothesis is rejected if max{ PN — value} <a.

Numerical examples and simulation study
Numerical examples

Example 4.1 Suppose that a researcher is investigating the effects of neutrosophic
treatments on a particular study. The 4 x 4 NGLSD is used. The plan compares four neu-
trosophic treatments (Latin letters) in four neutrosophic rows, four neutrosophic col-
umns, and four neutrosophic Greek letters. Table 2 summarizes the data.

In the NANOVA Table 3, we summarize the calculation formulas for testing the fol-
lowing null hypotheses against the alternative hypotheses under the neutrosophic statis-
tics in NGLSD.

Example 4.2 In this example, the 5 x 5 NGLSD is used. The plan compares five neu-
trosophic treatments (Latin letters) in five neutrosophic rows, five neutrosophic col-
umns, and five neutrosophic Greek letters. Table 4 summarizes the data.

Also, the results of Example 4.2 can be summarized in the NANOVA Table 5.

In order to conduct the proposed Fy-test for NGLSD, the following steps will need to be
taken:

Step 1: We assign the neutrosophic test hypotheses.

Step 2: We prepare the NANOVA Table for the proposed design.

Step 3: We calculate the py — value at the level of significance & = 0.05. For exam-
ple, from the NANOVA Table 3 in Example 4.1: py — value = [0.030,0.025].

Step 4: We accept the null hypothesis Hyyo if pny — values > 0.05, and we reject Hyo
if py — values < 0.05.

In Table 3, we reject the null hypothesis Hyo because py — value = [0.030,0.025] < 0.05.
i.e., there is a difference in mean between the three treatments.

Table 2 Data for the NGLSD

Rows Columns

1 2 3 4
1 Aa [32.61,33.49] BB [59.93, 60.24] Cy [45.64,46.49] D§[61.59,61.82]
2 B8 [56.01, 56.64] Ay [35.33, 35.66] DB [64.56,65.13] Ca [42.20,4248]
3 CBI[51.08,51.18] Do [44.83,45.76] A8 [52.05,52.18] By [51.62,51.80]
4 Dy [45.79, 46.56] (514045, 40.82] Ba [59.62, 59.77] AB149.53, 50.46]
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Table 4 Data for the NGLSD

Rows Columns

1 2 3 4 5
1 a [10.03,10.28] By [9.72,10.32] Ce[9.45,9.92] DB 19.63,10.24] ES[11.42,11.70]
2 Bﬁ [12.30,12.78] C6[10.35,10.63] Da [12.03, 12.47] Ey [841,9.08] A€ [8.99, 9.63]
3 y[12.71,1341] De [11.55,11.74] EB[11.56,12.56] A8[10.53,10.78] B [12.03, 12.64]
4 D8[1125 12.03] Ea[7.37,7.66] Ay [10.39,11.24] Be [11.15,11.39] Cp[10.05,10.96]
5 Ee[9.53,10.27] AP [8.40, 8.44] B8 [11.15,11.99] Ca [9.29,9.98] Dy [13.61,13.99]

Simulation study
Simulated studies have been conducted in order to determine the effectiveness of the
proposed Fy-test compared to the existing F-test.

Based on the empirical type I error rate and the power of the test (1 — ), we compare
the proposed test and the existing test to determine the efficiency of our results. In this
simulation study, different levels of significance « are considered (0.10, 0.05, 0.025, and
0.01).

We have selected the number of observations based on various previously published
examples for Graeco-Latin square design (Montgomery [7]). The distribution considered
in this study is the neutrosophic standard normal distribution and the number of Monte
Carlo (MC) simulations is 10,000 replications.

The simulation study will be discussed in the following manner:

An MC method for calculating the empirical type I error rate using neutrosophic sta-
tistics involves the following steps:

+ For every replicate, u = 1,2, ...,an:

(a) Under the null hypothesis Hyyg, generate the u th neutrosophic random sample

ORI O
N1 XN XNy

(b) Calculate the statistic F,-test based on the u th sample.
(c) Record the Fny-test results Iny, = 1if Hno is rejected at the significance level o
and accepted In, = 0.

+ Calculate the ratio of significant tests % SN Iny. This ratio is the empirical type I
error rate under the neutrosophic statistics. For further explanation, please see Fig. 1.

An MC method for calculating the empirical power of a test using neutrosophic statis-
tics involves the following steps:

+ Choose a  particular value for the parameters. For example,

(UN1, UN2, N3, N4) = (0,1, 1,1).
« For every replicate, u = 1,2,...,an:
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(a) Under the null hypothesis Hy1, generate the u th neutrosophic random sample

() |, (u) (u)
N1 XN22 9 XNy

(b) Calculate the statistic Fay,-test based on the u th sample.
(c) Record Fny-test results Iny, = 1if Hyo is rejected at the significance level @ and
accepted Iny, = 0.

« Calculate the ratio of significant tests 7 (uny) = é ZZ‘\; 1 Inu. Figure 2 shows the
steps of the MC method.

In order to assess the power under the neutrosophic statistics, alternative hypotheses
are considered:
(N1, uN2; N3, 4Na) = (0,1, L,1), (uN1, N2, N3, iNa) = (0,1,2,2),
(UN1, N2, N3 Na) = (1,1, 3,3), (uN1, UN2, N3, iNa) = (0,1,2,3),
(N1, UN2; N3, ANa) = (0,2,3,3), (UN1, UN2; N3, UNa) = (0,1, 3,4).

Discussion and comparative study

The objective of this section is to evaluate the results obtained in the examples and
the simulation study for the proposed design in the presence of uncertainty. Accord-
ing to the literature on neutrosophic logic, a method based on indeterminate data
is more effective and suitable for use in uncertain situations than one based solely
on determined values. In this light, we will assess the effectiveness of the Fx-test
by examining its measure of indeterminacy, adequacy, information, and flexibility.
Additionally, the proposed Fy-test will be compared with the statistic of the exist-
ing F-test in terms of empirical type I error and the empirical power of the test. For
example, in Table 3, the neutrosophic form of the Fy;-test for treatments (Latin let-
ters) is 13.35 4 15.56IF,;; IFr,, € [0,0.142]. There are two parts to this neutrosophic
form: an F-test of classical statistics and an indeterminate part. The neutrosophic
form of the neutrosophic Fy-test reduces to the F-test when Ir, = 0. In other
words, the value 13.35 represents the F-test value under classical statistics for the
existing Graeco-Latin square design. As for the second part, 15.56If,;,, it contains an
indeterminate part that has a measure of indeterminacy of 0.142. On the other hand,
at « significance level, the pn — value is [0.030, 0.025] < 0.05. In light of this, the neu-
trosophic null hypothesis is rejected while the neutrosophic alternative hypothesis is
accepted. This indicates that there are significant differences between the means of
the assumed treatments (Latin letters).

Moreover, Table 6 and Fig. 3 present empirical type I error rates and power of tests
under NS, showing results within the indeterminate interval that is expected under
uncertain conditions. As can be seen from Fig. 3, the curve of the power of test for
the indeterminate part lies above the curve for the determinate part. This empha-
sizes the importance of the indeterminate part in uncertain environments. In light
of the results of the study, it can be concluded that the proposed Fx-test is more
informative and flexible than the existing F-test.
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Fig. 3 Power of test for NGLSD

Conclusion

It is the aim of the present paper to propose a Graeco-Latin square design under NS
which is suitable for the analysis of indeterminate, uncertain, and imprecise data. A sta-
tistical model and a NANOVA approach have been presented for the proposed design.
Furthermore, neutrosophic hypotheses were identified as well as a decision rule for the
proposed design. Numerical examples and simulation studies were conducted to evalu-
ate the proposed design. According to the results, the proposed Fy-test offers greater
flexibility, applicability, and information when compared with the existing F-test in pres-
ence of uncertain data. Accordingly, we recommend that researchers use the proposed
design rather than the existing design when working in uncertain environments.

Acknowledgements
The authors are deeply thankful to the editor and reviewers for their valuable suggestions to improve the quality and
presentation of the paper.

Author contributions
AA MA, KAS and M.S wrote the paper.

Funding
None.



AlAita et al. Journal of Big Data (2024) 11:109

Availability of data and materials
The data is given in the paper.

Declarations

Ethics approval and consent to participate
Not applicable.

Consent for publication
Not applicable.

Competing interests
The authors declare no competing interests.

Received: 15 June 2023 Accepted: 16 July 2024
Published online: 07 August 2024

References

1.

Yates F, Mather K. Ronald Aylmer Fisher, 1890-1962. The Royal Society London. 1963.

2. Dénes J, Keedwell A. Latin squares and their applications. Budapest: Académiai Kiado; 1974.

3. DodgeY, Shah K. Estimation of parameters in Latin squares and Graeco-Latin squares with missing observations.
Commun Stat-Theory Methods. 1977;6(15):1465-72.

4. Preece D. Non-orthogonal Graeco-Latin designs. In: Combinatorial Mathematics IV. Springer; 1976. p. 7-26.

5. Street DJ. Graeco-Latin and nested row and column designs. In: Combinatorial Mathematics VIII. Springer; 1981. p.
304-13.

6. Seberry J. A note on orthogonal Graeco-Latin designs. 1979.

7. Montgomery DC. Design and analysis of experiments. John wiley & sons; 2017.

8. Hoshmand R. Design of experiments for agriculture and the natural sciences. 2018: Chapman and Hall/CRC.

9. Sapam S, Sinha BK. Graeco Latin square designs with neighbor effects. J Stat Theory Pract. 2021;15(1):1-10.

10. Martin RJ, Nadarajah S. G raeco-L atin Square Designs. Encyclopedia of Biostatistics, 2005; 3.

11. Onyiah LC. Design and analysis of experiments: classical and regression approaches with SAS. CRC Press; 2008.

12. Smarandache F. Neutrosophic logic-a generalization of the intuitionistic fuzzy logic. Multispace & multistructure
Neutrosophic transdisciplinarity. 2010;4:396.

13. Smarandache F. Introduction to neutrosophic statistics: infinite study. Columbus: Romania-Educational Publisher;
2014,

14. Aslam M. A new attribute sampling plan using neutrosophic statistical interval method. Complex Intel Syst.
2019,5(4):365-70.

15. Aslam M. Neutrosophic analysis of variance: application to university students. Complex Intel Syst. 2019;5(4):403-7.

16. AlAita A, Aslam M. Analysis of covariance under neutrosophic statistics. Journal of Statistical Computation and
Simulation, 2022: p. 1-19.

17. Aslam M, Albassam M. Presenting post hoc multiple comparison tests under neutrosophic statistics. J King Saud
Univ-Sci. 2020;32(6):2728-32.

18. Salama A, Khaled O, Mahfouz K. Neutrosophic correlation and simple linear regression. Neutrosophic Sets Syst.
2014;5:3-8.

19. Nagarajan D, et al. Analysis of neutrosophic multiple regression. Neutrosophic Sets Syst. 2021;43:44-53.

20. Aslam M. Design of the Bartlett and Hartley tests for homogeneity of variances under indeterminacy environment. J
Taibah Univ Sci. 2020;14(1):6-10.

21. Aslam M. Chi-square test under indeterminacy: an application using pulse count data. BMC Med Res Methodol.
2021;21(1):1-5.

22. Aslam M, Aldosari MS. Analyzing alloy melting points data using a new Mann-Whitney test under indeterminacy. J
King Saud Univ-Sci. 2020;32(6):2831-4.

23. Sherwani RAK, et al. Analysis of COVID-19 data using neutrosophic Kruskal Wallis H test. BMC Med Res Methodol.
2021;21(1):1-7.

24. Sherwani RAK, et al. A new neutrosophic sign test: an application to COVID-19 data. PLoS ONE. 2021;16(8):
e0255671.

25. Smarandache F. Indeterminacy in Neutrosophic Theories and their Applications. 2021: Infinite Study.

26. Alhasan KFH, Smarandache F. Neutrosophic Weibull distribution and neutrosophic family Weibull distribution. 2019:
Infinite Study.

27. Patro S, Smarandache F. The neutrosophic statistical distribution, more problems, more solutions. 2016: Infinite
Study.

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.

Page 13 of 13



	Analysis of Graeco-Latin square designs in the presence of uncertain data
	Abstract 
	Objective: 
	Method: 
	Results: 
	Conclusion: 

	Introduction
	Preliminaries
	Analysis of neutrosophic Graeco-Latin square design
	Model and NANOVA for a neutrosophic Graeco-Latin square design
	Neutrosophic hypotheses and decision rule

	Numerical examples and simulation study
	Numerical examples
	Simulation study

	Discussion and comparative study
	Conclusion
	Acknowledgements
	References


